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FRACTIONAL CARTESIAN PRODUCTS OF SETS
by Ron C. BLEI (*) N-fold sums of «independent» sets serve in harmonic analysis as prototypical examples of 2N/(N + l)-Sidon sets, and A(q) sets whose \(q) constants' growth is (9 (^N /2 ). Moreover, these features are exact : N-fold sums of independent sets are not (2N/(N -hi)-e)-Sidon and to not have \(q) constants' growth asymptotic to qW 2 -^, for any e > 0 (see [4] , [6] and [2] ). In this paper, given any number p e (1, 2), we display a set that is p-Sidon but not(p -e)-Sidon for any e > 0. The same pool of examples contains, for any number a e [1/2, oo), a set whose A(q} constants' growth is ^(q") but not W -e ) ^o r anv £ > 0. This answers questions raised in [4] and [6] , and a question that is implicit in [2] . The type of sets displayed here exhibits « combinatorial » and « analytic » properties that one would expect« fractional » cartesian products (sums) of sets to possess, and hence the title of the paper. This class of sets naturally arises in the study of multidimensional extensions of Grothendieck's inequality ([!]); it is that study that led to the present work. Throughout this paper, a set that is subscripted by J, K will denote the set defined by (1.1), for some fixed K-fold enumeration ofF. 
rs(^7)=h(y).
Equivalently, r^(F, y) is the number of ways to write y in the form of
where y^, ..., y, are (not necessarily distinct) 5 elements in F, and where different permutations on the right hand side of (1.2) are counted as different representations.
For example, it is easy to see that if F c F is independent then, for all s > 0, the J-fold cartesian product of F satisfies (1.3) sup r,(Fj^, y) = (s !)J, for all seZ + .
Y€P 1
The following is an extension to (1.3) and is evidence that Fj ^ could be viewed as a J/K-fold cartesian product of F. e now list the «analytic» results that are based on the above «fractional cartesian products ». For F <= F, Cp(G) and L{?(G), 1 ^ p ^ oo, will be the spaces of functions in C(G) and ^(G), respectively, whose spectra lie in F. Recall that for 2<^<ooFisa A(^) set if there is A > 0 so that for all /e U(G)
AH/II, ^ 11/11,.
The « smallest » A for which (1.5) he « smallest » D for which (1.8) holds is the ^-Sidon constant of F and is denoted by D(p,F). F is exactly p-Sidon when F is r-Sidon if and only if r e [p,2). F is exactly non-p-Sidon when F is r-Sidon if and only if r e (p,2). J-fold cartesian products of dissociate sets are the classical examples of sets that are exactly A J . These and other similar constructions of sets which are exactly ^ are studied extensively in [2] . The same J-fold products are also the simplest examples of sets which are exactly 2J/(J -hl)-Sidon ( [7] , [4] and [6] ). The gaps left open between the J and (J+l)-fold products of dissociate sets are filled by the « fractional cartesian products » that were defined at the outset. THEOREM 1.6. -Let F <= F be an independent set. a ) ^K c rN is exactly A^. Moreover, there is r|j ^ > 0 so that for all q>2
Constructions analogous to (1.1) can be carried out within F by replacing the cartesian product operation with the group operation in r. Given (an infinite set) F (= F, let ^ be a N-partition of F : ={F,,...,F^} (that is, FI, .. .,FN <= F are mutually disjoint sets whose union is F), where each F, is infinite. For each 1 ^ a ^ N, endow F^ with a K-fold enumeration
In this work, a set that is superscripted by J, K and subscripted by ^ will be the set defined in ( The organization of the paper is as follows. In section 2, we prove the right hand inequality of (1.4) in Theorem 1.3. In section 3, fitted for F^, appropriate Riesz products are developed for use in later sections. The A p property is treated in section 4 where Theorem 1.6 (a) and Corollary 1.7 (a), (c) are proved. The left hand inequality of (1.9) in Theorem 1.6 is then used to establish the left hand inequality of (1.4) in Theorem 1.3. p-Sidonicity is treated in section 5, where the remaining parts of Theorem 1.6 and Corollary 1.7 are proved. We conclude in section 6 with some problems.
A combinatorial property of Fj ^.
Let F c r be an independent set. We prove here the right hand inequality of (1.4) : For all s e Z 4 ' and y e ^N (2.1) ^(Fj,K,Y) ^ ^K) 5 .
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We shall use an extension of Holder's inequality which, to facilitate referencing here and in section 5, we state below. then j\, ...,;,eV. Therefore, the game plan is to estimate |V|, the « volume » of V, and exploit the fact that Let F c r be a dissociate set. Let F^ = F^ be defined by (1.11) wherê is an arbitrary N-partition of F (as usual, our convention is that N = ( j). For any yeF and 9eR, define v^/ cos(y+9) = (^Y+e- We now consider the following Riesz product :
M-Holder
As usual, [|u|| = 1 and the spectral analysis of u yields the following.
If a higher degree of independence is assumed for F c= F, then the norm estimate in (3.2) can be correspondingly improved. We illustrate this in Observe that E^ is (k-1 ^independent and that for all reE^, r m = 1 iff m = O(mod^). In the sequel below, k is fixed and, for the sake of simplicity, will be omitted from all superscripts and subscripts. As usual for y e F and 9eR, write cos (74-6) = (^y 4-^Y)^. ...{n fl + cos (vS" + 2,r E(o^(^)))1l,
where f = (f(l), .. ., f(K)) e (Z + ) K , and (see Section 1) Sa=(oq,...,aK) c= {!,...,J}, for 1 ^ a ^ N. Next, we integrate over fi 1 the M(G)-valued function whose value at co e ^ is p, :
The spectral analysis of n yields the following : yer We now prove that there is r|j ^ > 0 so that
where F c= r is independent (the idea for the argument that follows originates -as far as we can determine -in [5] ). Let n > 0 be arbitrary, and denote
Vn= {j ={]"... ^^(Z^-.l ^j^...J,^n}.
Let g be the trigonometric polynomial defined by Therefore (from (4.1)),
2-^11^11,^ ^ 11^11^.
n was arbitrary, and the left hand inequality of (1.9) follows. D
Completion of the proof of Theorem 1.3. -The left hand inequality in (1.4) follows from Lemma 4.1 and (4.6). Q Exploiting (1.9) of Theorem 1.6 via an « averaging » procedure, we now prove part (a) of Corollary 1.7 :
Let F c: r be a dissociate set, and F^ = F^ be defined by (1.11). Let / e L^j,K(G) be given by
We select E= {^}^+) K ' an infinite independent set in some FQ (= Go), Observe that f= ft * ^« Therefore, for all r e G^ and q > 2, Interchanging the order of integration, and applying the right hand inequality of (1.9), we deduce that (4-9 ) 11/11. ^ 2^(^^)11/11, 2V^||/||,.
(4.9) proves the right hand inequality in (1.12). To show the left hand inequality, we follow a computation identical to the one used in showing the left hand inequality of (1.9). The proof of 1.7 (a) is complete. D We assume now that F is such that for every M ^ 1, F contains an infinite M-independent set. In fact, for concreteness' sake, assume F = Z. We start with Observe that by running through an argument identical to the one that led to (4.6), we obtain 9n e L^(T) so that
We now determine by induction that « dilation » factors of the F^'s (/" in (i) above) : Let l^ = 1, and suppose that /i, ..., ^ were determined so that Combining (4.14) and (4.17), we obtain the claim. Combining the « claim », (4.11) and (4.10), we obtain that (J^n is exactly A^.
n=r By choosing J^ > K^ > 0, where (J^/K^^i is a monotonically decreasing sequence converging to P, and following a procedure similar to the above, we obtain a set in Z which is exactly non-A^. The details are left to the reader. D
The p-Sidonicity property.
Proof of Theorem 1. /ora/J a = 1, ...,N.
Proof. -Let 1 ^ a ^ N be arbitrary. Since E is a 1-Sidon set with Sidon constant = 1, it is easy to see that by a proper choice of ^ e G we obtain (we make the obvious modification for a = 1 and a = N). Since Ej ^ is a A (2) set whose A (2) constant is bounded by 2^ (this follows from part (a) of Theorem 1.6), we obtain
In a previous version of this manuscript, by following a multidimensional version of Littlewood's rearrangement argument (see p. 168 of [7] and Lemma 3 of [6]) we proved that
Then, combining Lemma 5.1 and (5.1), we deduce that Ej ^ is a 2J/(K-hJ)-Sidon and that
The estimate in (5.2), however, is not as tight as we would like it to be. In order to obtain the existence of sets that are exactly p-Sidon, for any pe(l,2), we -Let F <= F be dissociate and F^ = F^ be given by (1.11), for an arbitrary ^. Let / be a trigonometric polynomial in Cpj,ic(G) given by
elect E = {^}^(^)K, an infinite independent set in some ro(= Go). Let t = (^,. . .,t^) e G^ be arbitrary, and ^ e M(G) be so that I. r contains elements with arbitrarily large order. As usual, we shall assume that F = Z. First, observe that for any J > K > 0 the (Mindependent) set F <= Z given in Lemma 4.3 has the property (5.12), we conclude that (J ^,E, is exactly p-Sidon.
n=l
To obtain a set in Z which is exactly non p-Sidon, we choose Jn > K " > ° sothat (VKXLi is a monotonically decreasing sequence to P/(2-p), and carry out a construction similar to the one above. Details are left to the reader. To prove Corollary 1.7 {d\ in the present context, we follow a route identical to the one followed in Case I where the use of (5.10) is replaced by a use of the Sublemma. Q
Problems.
The « J/K-fractional » product of a dissociate set E <= F was defined in this work as a subset of the ( )-fold product of E. Subsequently, through \K/
